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1. Introduction

The recent researches in multi-valued logics usually consider the truth values inside the language by
assuming, for example, that (a dense subset of) the truth values are represented by corresponding
propositional constants. So, formulas as 0.4—=(a— 0.3) or 0.1—(0.2—0.3) are admitted. This means
that, as in classical logic, if F' indicate the set of formulas in such a language, then both the available
information and the derived information are represented by classical subsets of F. This entails an
approach whose paradigm coincides with the one of classical logic. In particular, the notion of
effectiveness is inherited from recursion theory in oV in spite of fact that the main examples of multi-
valued logics involve the real numbers interval [0,1]. The researches along such a line are in a very
advanced state and very deep results were discovered (see, for example, Hajek 1998, Gottwald 2000,
Montagna 2001). Nevertheless, in accordance with Goguen 1968/69 and Pavelka 1979, 1 am
interested in a different way to go on in which both the hypotheses (the available information) and the
related consequences (the derived information) are represented by fuzzy sets of formulas. Indeed, in
my opinion, this choice gives us major chances to catch the particular nature of a reasoning from
vague hypotheses as Goguen’s analysis of sorites paradox shows. Moreover, it gives a more
appropriate way to represent the effectiveness of the inferential processes in multi-valued logic for
which the notion of endless approximation process have to play a basic role.

To introduce the basic notions of fuzzy logic, we can start from the idea that the deduction
apparatus in a logic is a tool for an effective management of the available information. Then, to define
a logic we have to specify:

1. a set Inf to represent the pieces of information we have to manage and an order < in /nf" to

express the completeness of the information

2. a “deduction operator”, D : Inf — Inf to improve the available information

3. suitable properties of effectiveness for the whole system.

In the case of classical logic the information is completely based on the language. Indeed, an
elementary piece of information is a formula in F and a piece of information is a subset 7 of F. The
information content of 7 is that at least all the claims in T are truth while no information we have
about the remaining formulas. Then, /nf is the class P(F) of all the subsets of F and the order is the
inclusion relation. Once the deduction operator D : P(F)—P(F) is defined, the effectiveness of the
inferential process is represented by the fact that D is an enumeration operator. So, from a decidable
set of hypotheses 7' we derive a recursively enumerable set D(7) of consequences.

Passing to fuzzy logic, we will assume that an elementary piece of information is a sentence « in
a language together with an information (i.e. a constraint) A on the possible truth value of «. In other
words an elementary piece of information is a signed formula (a,A) and a piece of information is a set
T cFxL of signed formulas. We emphasize that A is not the truth value of « but our (incomplete, in
general) information about the truth value of a. We assume that in the class L of admissible
constraints there is an order < in such a way that 4,<1, means that the constraint 4, is stronger than
the constraint A, or, equivalently, that the information A, is contained in the information 4,. Also, we
assume that L is a complete lattice with respect to <. Such an hypothesis is necessary to “fuse”
different pieces of information on the same formula «. This means that if XL is the available set of
constraints on the actual truth value of ¢, then 4 = Sup(X) is an unique constraint “equivalent” with X.
If we admit this, then we are able to represent a piece of information in a more workable way. Indeed,
we can associate any piece of information 7" with the functional piece v : F —L defined by setting
wa) = Sup{A €L : (a,A)eT}. In accordance, we will assume that /nf coincides with the lattice L” of



the L-subsets of F. This gives also a natural order among pieces of information. Also, since this order
is with respect to the completeness of the information, we accept the hypothesis of monotony, and, in
accordance, that the deduction operator D is a closure operator in L".

It remains to consider in some way the effectiveness of the inferential process in fuzzy logic and
the aim of this paper is to face this question. Indeed, we will give a notion of effectiveness (and
therefore of continuity) for the deduction operator and we will extend the notions of recursive
enumerability and decidability to the L-subsets. This extend the previous researches (see Gerla 1987,
Biacino and Gerla 1989) but in this paper we refer to the theory of effective domains as defined, for
example in Smyth 1977.

2. Based continuous lattices

In this paper L denotes always a complete lattice with minimum 0 and maximum 1. A subset X of L is
upward directed, in brief directed, provided that for any x, ye X there is ze X such that x< z and y<z. A
family (x;);c; is directed provided that {x;eL : iel} is directed.

Definition 2.1. Let x, yeL, then we say that x is way below y and we write x<<y provided that, for
every nonempty directed subset 4 of L
y<SupA = there is a4 such that x < a.

In the following we list the main properties of such a relation.

Proposition 2.2. For any x and y in L,
) x<xy=>x3y
i) X<y, x’<x =>x'y
i) XKLy, y2y=>x<xy’
V) XK z,zKy = x<y (transitivity)
v) Oy
Vi) XK2, Y<Kz = XVy<Kz
Vil) X<Kz1, y<Kz; & XVY<KzV).

Observe that < is different from <, in general.

Definition 2.3. A based continuous lattice, in brief a based lattice, is a structure (L,<,B) where L is a
complete lattice and B, the basis, is a subset of L containing 0, closed with respect to v and A and
such that,

x=Sup({beB : b<xx}). 2.1

As a consequence of the closure of B with respect to v and by Proposition 2.2, any set {beB : b<xx}
is directed. Observe that usually a basis is defined as a subset B of L such that for any xeL the set
{beB : b<x} is directed and (2.1) is satisfied. Our definition is substantially equivalent. In fact, if B
is a subset of L satisfying (2.1), then by adding 0 to B and by closing B with respect to A and v, we
obtain a new subset which is a basis in our sense.

Theorem 2.4. (Interpolation theorem). Let (L,<B) a based lattice and assume that x<<y. Then there
is beB such that x<<b<<y. As a consequence, for any directed family (x;);c/,
V<Sup;.x; = there is x; such that x<<x;.

In the case of chains, the structure of based lattices is very simple.

Proposition 2.5. Let L be a finite chain, then (L,<,B) is a based lattice if and only if B = L. In such a
case
XKy & x99y
Let L be complete chain and B a dense subset of L. Then (L,<,B) is a based lattice such that
X K y < either x = 0 or x<y.



In particular, let U be the complete lattice defined by the real numbers interval [0,1] and denote by Uy
= UNQ the set of rational numbers in U. Then (U,<,U)) is a based lattice.

3. Effective lattices, semi-decidable elements
The notion of effective lattice enables us to give an analogous of the notion of recursively enumerable
subset.

Definition 3.1. An effective continuous lattice (in brief an effective lattice) is a based lattice (L,<,B)
such that there is an enumeration (b,),<y of B in such a way that
- the set {(n,m)e N* : b,<<b,,} is recursively enumerable
- there are two recursive maps join : NxXN—N and meet : NxXN—N such that
byvb,, = bjoin(n,m) , bunby, = bmeet(n,m)-

In brief, an effective lattice is a based lattice such that < is recursively enumerable in B and v, A are
computable in B. In any effective lattice the relation 5,<b,, is decidable. In fact
b,<b,, < byAby, = by, < bjoingrmy = by < join(n,m) = n.

Proposition 3.2. Any finite chain L is an effective lattice with respect to the basis L. The interval U is
an effective lattice with respect to the basis Uj.

Now we are able to give the first main definition in the theory of effective domains.

Definition 3.3. We say that an element x in an effective lattice (L, <, B) is semi-decidable if the cut
{neN: b,<x} is recursively enumerable.

In particular, any beB is semi-decidable. Since by the interpolation theorem {neN : b,<<1} = {neN:
there is m such that b,<b,,}, 1 is semi-decidable, too. If L is finite lattices, all the elements are semi-
decidable. If L = U, xe U is semi-decidable if and only if {re U, : r<x} is recursively enumerable.

Proposition 3.4. Let (L,<,B) be an effective lattice, then the following are equivalent:
i) x is semi-decidable
if) arecursive function /: N —N exists such that (bg,)).en 1S a <<-chain and
X = Supn ng_/(,,). (3 1)
iif) arecursive function f: N —N exists such that (by,)),cy is a chain and satisfies (3.1).
iv) arecursive function f:N—N exists such that (b4,)).cn 1s directed and satisfies (3.1).
v) arecursive function f: N —N exists such that (bg,)),cny satisfies (3.1).

Proposition 3.5. There is an effective coding w, ws... for the class Sem(L) of all the semi-decidable
elements of an effective lattice. Also Sem(L) is a lattice and two recursive maps exist # : NxN—N and
k : NxN—N such that

Whgnm = WaVWy and Wigymy = WpAWp,.

Proof. Given i €N, let ¢; be the partial recursive function with index i. Also, denote by Pri: N —
N and Pry:N—N two computable functions such that (Pr,Pr,):N—NxN is one-one. Then we define
o(i,n) by setting

- ¢(i,n) = 0 if @; is not convergent in fewer that Pri(n) steps given the input Pr,(n)

- @(i,n) = @{Pry(n)) otherwise.
The function ¢ is total recursive and by the s-m-n-theorem there is a recursive function 4 such that
o(i,n) = @i (n). Moreover range(gy;)) = range(@;)w{0}. We denote by w; the semi-decidable element

such that w; = Sup,yb oy (1) If x is any semi-decidable element and ¢; a total recursive function such

that x = Sup,yb then x = w;.

@i (n) >



The second basic definition in effective domain theory is the one of computable function. Recall
that, given two complete lattices L and L’, a function f: L—L" is continuous provided that

SSupX) = SupfiX)

for any directed class X of elements of L.

Definition 3.6. Let (L,<,B) and (L ’,<,B’) be effective lattices, then a map f: L—L’ is computable
provided that it is continuous and the relation {(n,m)eNxN : b’,<f(b,)} is recursively enumerable.

As an example, a function f': U — U is computable if and only if f preserves the last upper bounds
and the relation {(p,q)e UpxUyp : p<f(q)} is recursively enumerable.

Proposition 3.7. Let (L,<,B) and (L’,<,B’) be based lattices and f: L—L’ a map, then the following
are equivalent:
i) f iscontinuous.
i) fix)=Sup{f(b) : beB, b<x}.
Consequently, if f: L—L’is a computable function, then
x semi-decidable = f{x) semi-decidable.

4. Decidable elements
To define the notion of decidability we need to dualize some of the notions in the previous sections.
Given an ordered set (D,<), we denote by (D,<,) its dual, i.e. the ordered structure obtained by setting
x <4 y provided that x > y. Any order-theoretical notion in (D,<) is associated with its dual, i.e. the
same notion interpreted in (D,<;). As an example, the dual of the notion of upward directed family, is
the notion of is downward directed family. So (x;);c; is downward directed if for any x;, x; there is x;
such that x,<x; and x,<x;. We say that y is way above x and we write x<<’y in the case y is way below x
in (L,<,). Then x<“y provided that, for every downward directed subset 4
x 2 Inf A = there is aeA such that y > a.

Obviously

x<<y = x<y
and, if L is a finite chain,

x<<dy < x<y.
If L coincides with U, then

x<’y < either y =1 or x<y.

Definition 4.1. A structure (L, <,B, B) is called a reversible (effective) continuous lattice provided
that both the structures (L,<,B) and (L,<;,B) are based (effective) continuous lattices. In such a case
we say that B = (b,,),cy is the basis and B= (b,),y the dual basis of (L, <,B, B).

Obviously,

x=Sup{beB : b<x} = Inf{beB: x<<dQ},
for any xeL. So, in a sense, in a reversible continuous lattice it is possible to approximate any element
both from below and from above.

Definition 4.2. Given a reversible effective lattice (L, <,B, B), we say that x is decidable provided that
x is semi-decidable both in (L, <, B) and (L, <4, B), i.e. if both the cuts

{(neN: b,<x} ; {neN:x<"b,}
are recursively enumerable.

Trivially, 0 and 1 are decidable elements in any reversible effective lattice. The proof of the following
proposition is immediate.

Proposition 4.3. Given an element x of a reversible effective lattice, the following are equivalent:
i) x is decidable



ii) two total recursive functions 7 : N =N and k : N =N exist such that (b)), is order preserving,
(bkm)nen 1s order reversing and
Supp enbiny = X =Infy cnbin)-
iif) a nested, effectively computable sequence ([Dy(), bim])nen 0f intervals exists such that
X} = Men [bh(n), Qk(n)]

An easy way to obtain reversible continuous lattices is by the notion of involution, i.e. amap - : L =L
such that

i) -0=1; -1=0.

ii) -(xvy)=-xA-y ; -(xAY) = -xVv-).

ii1) -(-(x)) = x.

Observe that an involution is an isomorphism -: L —L,; among L and its dual L,.

Definition 4.4. A structure (L, <, -, B) is an effective lattice with an involution if (L, <, B) is an
effective lattice and - is an involution such that {(n,m)eNxN : -b,<-b,,} is recursively enumerable.

Let L = {xy,...,x,} be a finite lattice where 0 = x;<...<x, = 1. Then there is a unique involution defined
by setting -x; = x,.;. In the case of the interval U, an involution is obtained by setting -x = 1-x.

Since an involution is an isomorphism and in accordance with the fact that any isomorphism
preserves the definable relations, we have the following:

Proposition 4.5. Let L be a lattice with an involution. Then, for any xeZ,
x<ly & p<-x.

Any effective lattice with an involution defines a reversible effective lattice.

Proposition 4.6. Let (L, <, B, -) be an effective lattice with an involution and set B = (b,,),cy Where b,
= -b,. Then (L,<,B, B) is a reversible effective lattice such that all the elements in B and in B are
decidable and

x 1s decidable < both x and —x are semi-decidable.

This proposition entails that any finite chain L is a reversible effective lattice in which B=B = L. In
this lattice all the elements are decidable. The interval U is a reversible effective lattice in which B =B
= Up. In this lattice are decidable all the elements x such that both the sections {r € Uy : r <x} and {r
€ Uy : x<r} are recursively enumerable, i.e. the decidable elements coincide with the recursive real
numbers.

5. Direct products

As observed in the introduction, the pieces of information we have to consider in a fuzzy logic are L-
subsets of formulas, i.e. elements of a direct power of L. This leads to define the notion of direct
products of effective continuous lattices.

Proposition 5.1. Let (L;,<;,B));cs be a family of based lattices. Then we obtain a based lattice
(/LcsLi,<,B) where (/.sL;,<) is the direct product of the family ((L;,<;));c; of lattices and

B={fell.B;: Supp(f) is finite}. 5.1
In such a lattice, for any fand g in /ZcsL;
f<g <& Supp(f) is finite and f{j) <<g(j) for any je Supp(f). (5.2)

Definition 5.2. Let (L;,<;,B));cs be a family of based lattices. Then we call direct product of such a
family the based lattice defined in Proposition 5.1. If all the elements in the family coincide with the
lattice (L,<,B), then we call direct power of (L,<,B) with index set S such a direct product.



Note that the direct product of (L;,<;,B;)ics as defined in universal algebra is the structure (/Zcsl;,<,
IT.sB;) and therefore, in the case S infinite, is different from the just given notion. By dualizing the
proof of Proposition 5.1, we obtain the proof of the following proposition.

Proposition 5.3. Let ((L;,<;,B;, B)))ics be a family of reversible lattices. Then we obtain a reversible
lattice (/Z<sL;,<,B,B) by assuming that (/4.sL;,<,B) is the direct product of ((L;,<;,B;));cs and
B={fell.B;: Cosp(f) is finite}. (5.4)
In such a lattice,
f<'g < Cosp(f) is finite and f{j)<“g(;) for any j€S. (5.5)

The definition of the direct product of a family of effective lattices is a little more complicate and
we have to confine ourselves only to the uniformly effective families (L;,<;,B;)cs of effective
continuous lattices. This means that we have to assume that {(n,m,i)e N 3 b, b} is recursively
enumerable and that two recursive maps join : NXNxN—N and meet : NxXNxN—N exist such that

bMWY = Bioinnmy 5 BGIND(M) = Bpeerinm
where b(i,n) is the n-element of B,.

Proposition 5.4. Let S be a set admitting a code, then the direct product of an uniformly effective
family of continuous lattices (L;,<;,B;)ics 1s an effective continuous lattice.

In accordance with such a proposition, the product of a finite number of effective lattices (L,<,,B)),
(L2,%5,B5),...,(Li,<1,By) 1s an effective lattice with basis B X...xB;. Moreover,

Aty )<<ty . 1) < A<y, . <<y,
Also, let (L,<B) be an effective lattice and denote by b(i,j) the j-element in B;. Then a several variable
map f: Lix..xL; —L is computable provided that it is continuous with respect each variable and
{(n1,n2,....npm) ENXN 2 b,y <<fib(1,m1),...,b(k,np)} is recursively enumerable.

Proposition 5.5. The composition of computable maps is a computable map. Namely, let 4 : L'—L
and g, : L" —L,..., g, : L* =L be computable maps and let /: L* —L be the map such that f{xi,...,x;) =
h(g1(x1,....Xk),- . .,gAX1,...,xp)) for any xi,...,x; in L. Then fis computable.

Analogous definitions and results can be given in the case of the reversible effective lattices and
in the case of effective lattices with an involution.

6. Effective lattice of the L-subsets of a given set

Given a set S, we call L-subset of S any element in the direct power L°, i.e. any map s : S —L from S
into L. We interpret an L-subset as a generalized characteristic function to represent the extension of a
vague predicate. The usual interpretation is that L is the set of truth values of a multi-valued logic
and, for every xeS, s(x) is the membership degree of x to s. In this paper we are interested also to
interpret the elements in L as pieces of information about the truth values and therefore to interpret
s(x) as a constraint on the degree of membership of x to s. So, the usual notion of subset is extended
into two directions, we admit different levels of membership degree and we admit incomplete pieces
of information about these membership degree. We denote by U and N the lattice operations in L°,
i.e. the operations defined by setting, for any sy, s, €L° and xeS

(51Us2)(x) = 51(X)Vs2(x) 5 (51M52)(X) = 51(xX)A52(x).

In an analogous way we define the infinitary unions and intersections. Given XeP(S), the
characteristic function of X is the map cy : S —L defined by setting cx(x) = 1 if xeX and cx(x) =0
otherwise. We call crisp an L-subset s such that s(x)e{0,1} for every xeS§ and we can identify the
classical subsets of S with the crisp L- subsets of S via the characteristic functions. Indeed, the map H
: P(S)—L°® defined by setting H(X) = cy for every XeP(S) is a complete embedding of the lattice
(P(S), U, N,D,S) into the lattice (LS, U, N, ¢g, cs). Given x €8 and 470, the A-singleton is the L-
subset {x}* defined by setting {x}*(z) = 1 if z = x and {x}* = 0 otherwise. We say that s is finite
provided that Supp(s) is finite, i.e. s is a finite union of singletons. We say that s is co-finite provided



that Cosp(s) is finite. We call finite also the empty set & and co-finite the whole set S. The classes of
finite and co-finite L-subsets of S are denoted by Fin(L®) and Cof(L®), respectively. Assume that in L
an involution - : L—L is defined, then we call complement of s the L-subset -s defined by setting (-
s)(x) = -s(x). Obviously, in such a case an L-subset s is finite if and only if —s is co-finite.

As a particular case of the propositions in Section 5, we obtain the following ones.

Proposition 6.1. Let (L,<,B) be an effective lattice and S be a nonempty set admitting a code. Then
the class L’ of L-subsets of S is an effective lattice admitting as a basis the class Fin(B®) of finite L-
subsets of S with values in B. Also, for any s, and s, in LS, we have that

51 <K $; & s is finite and s;(x)<<s,(x) for every xeS.

Observe that, by definition, an L-subset s is semi-decidable provided that the set
{neN: b,<s} ={neN: b,(i)<s(i) for any ieSupp(b,)}
is recursively enumerable.

Proposition 6.2. Let (L,<,B,B) be a reversible lattice and S be a nonempty set admitting a code. Then
L’ is reversible with dual basis the class Cof{B°) of co-finite L-subsets of S with values in B. If
(L,<,B,-) is with an involution, then L5 is an effective lattice with the complement as an involution.

If L is reversible , s is decidable if and only if both the sets

{neN : b,(i)<s(i) for any ieSupp(b,)} ; {neN : s(i)<’b,(i) for any ie Cosp(b,)}
are recursively enumerable. The following is a simple characterization of the semi-decidable and the
decidable L-subsets.

Proposition 6.3. Let (L,<,B) be a effective continuous lattice and seL’. Then s is semi-decidable if
and only if its hypograph

H(s) = {(x,4) eSxB: 1<xs(x)} (6.1)
is recursively enumerable. Let (L,<,B,B) be a reversible effective lattice. Then s is decidable if and
only if both H(s) and the dual hypograph

K(s) = {(x,2) eSxB: s(x)<'1} (6.2)
are recursively enumerable.

Proposition 6.4. Let s be a crisp L-subset. Then s is semi-decidable if and only if s is (the
characteristic function of) a recursively enumerable subset of S.

Proposition 6.5. A continuous map D : LS—L® is computable if and only if the relation A<<D(b)(x) is
recursively enumerable.

By extending the classical notion of m-reducibility, we say that s, is m-reducible to s,, and we
write 515,52, provided that a recursive map /4 : S—S exists such that, for any xe§S
51(x) = s2(h(x)).

We call universal any maximum with respect to <,, in the class of semi-decidable L-subsets.

Proposition 6.6. The relation <,, is a pre-order. Assume that s,<,s,, then
s, semi-decidable = s; semi-decidable,
s, decidable = s, decidable.
Moreover, an universal L-subset exists.

7. The main cases
In this section we consider some examples which are the basic ones in fuzzy logic.

Proposition 7.1. Let L be a finite chain. Then the class L® of L-subsets of S is an effective lattice with
an involution and therefore a reversible effective lattice. Its basis is the class Fin(L®%) of finite L-
subsets of S, its dual basis is the class CofiL®) of co-finite L-subsets of S. Also

S <K 85, < 851 C s, and s 1s finite



and
d . .
51 <8y & 81 C 87 and s, 1s co-finite

In particular, the class P(S) of subsets of S is an effective lattice with an involution whose basis is the
class of finite subsets of S and whose dual basis is the class of co-finite subsets. Also
X<Y < XY and Xis finite
and
X<Y < X Y and Y is co-finite.

Proposition 7.2. Let L be a finite chain. Then an L-subset s is semi-decidable if and only if there is a
recursive function /4 : SXN—L increasing with respect to the second variable such that

s(x) = Max,yh(x,n).
An L-subset s is decidable if and only if s is a computable function from Sto L.

Proposition 7.3. Let L be a finite chain. Then, the following are equivalent:
i) s 1is arecursively enumerable L-subset

ii) all the closed cuts C(s,4) = {xeS: s(x)>A} are recursively enumerable
iii) all the open cuts O(s,A) = {xeS : s(x)>1} are recursively enumerable.

The following corollary shows that, in the case of a finite chain L, the proposed notion of semi-
decidable is the only possible extension of the classical one such that

- the constant L-subsets are semi-decidable

- the union of two semi-decidable L-subsets is semi-decidable

- the intersection of two semi-decidable L-subsets is semi-decidable.

Corollary 7.4. Let L be a finite chain, then the lattice of the semi-decidable L-subsets is the lattice
generated by the recursively enumerable subsets and the constant L-subsets.

Now we will examine the case L = U. In such a case we call fuzzy subsets of S the U-subsets.

Proposition 7.5. The class of fuzzy subsets of S is an effective lattice with the complement as an
involution. The basis is the class Fin(Up %) of finite fuzzy subsets of S with rational values. The dual
basis is the class Cof{Uyp %) of co-finite fuzzy subsets of S with rational values. Moreover
51 <K 8 & s51(x) < sy(x) for every x € Supp(s;) and s, is finite.
51 <%, & 51(x) < s5(x) for every x € Cosp(s,) and s, is co-finite.

As the following proposition emphasizes, the proposed notions of semi-decidability and decidability
for fuzzy subsets are in accordance with the definitions given in Biacino and Gerla 1989.

Proposition 7.6. A fuzzy subset s is semi-decidable if and only if there is a recursive function /4 : SXxN
—Up increasing with respect to the second variable such that

s(x) = Sup,cyh(x,n).
A fuzzy subset s is decidable if and only if there is a nested computable sequence ([/(x,n), k(x,7)])nen
of intervals such that

{s(x)} = Nuenlh(x,n), k(x,n)].

8. Effective inferential apparatus in fuzzy logic

Let F be a nonempty set whose elements we call formulas and V' be a complete lattice whose elements
we interpret as truth values. Then an abstract V-semantics, in brief a semantics, is a class M of V-
subsets of formulas. We call a model or an interpretation any element m in M and we interpret m(q)
as the truth value of « in m. As an example, we can assume that M is the set of truth-functional
valuations of a multi-valued logic. We call constraint frame any closure system in V, i.e. any class L
of subsets of V which is closed with respect to the intersections and containing V. Given X cV, we
denote by <X> the element in L “generated” by X, i.e. the intersection of all the elements in L
containing X. We consider L as a complete lattice with the reverse of the inclusion relation. This since



the order we are interested in is with respect to the information content. In L the join of a family
(X))ies 1s the intersection M, X; and the meet is <U; X>. Given an L-subset s of formulas, we say that
meM is a model of s, in brief m ks, provided that m(a@)es(«) for any aefF. In other words, m is a
model of s provided that for any formula « the truth value m() of « in m satisfies the constraint s( ).
Two L-subsets of formulas are logically equivalent provided that they have the same models. We can
associate any model m with an L-subset of formulas 7, obtained by setting 7,(a) = <{m(a)}>.
Trivially, m & s if and only if 7,>s. Any L-semantics defines a logical consequence operator L. : L"—
L" obtained by setting
L(s)a)=n{t(a):mEs} =n{t(a): 7,>5s}.
The proof of the following proposition is immediate.

Proposition 8.1. L. is a closure operator, i.e.

l) Lc(s) 28 ”) SIS 85 = Lc(sl) - LC(SI) > l”) LC(LC(S)) = LC(S)'
The intersection of a family of theories is a theory. Moreover, two L-subsets of formulas s, and s, are
logically equivalent if and only if L.(s;)=L.(s7).

We interpret an L-subset s of formulas as a L-subset of hypotheses (the available information), and
L.(s) as the L-subset of consequences from s. We call theory any fixed point of L.. Then, for any s,
L(s) is a theory, we call the theory generated by s. For any model m, 7, is an example of a theory.

Definition 8.2. Let V' be a complete lattice, and L be a constraint frame. Then a abstract deduction L-
system is a pair (L*,D) where D is a continuous closure operator.

A more adequate definition of deduction system taking in account of the effectiveness of the
inferential processes is the following one.

Definition 8.3. Let V' be a complete lattice and L be a constraint frame in V" such that (L,<,B) is an
effective lattice with respect to a suitable basis B. Then an effective abstract deduction L-system is an
abstract deduction system (L”,D) such that D is computable in the effective lattice (L”,<,Fin(B")). An
effective L-logic is a structure (L",D,M) such that M is an abstract L-semantics and (L”,D) is an
effective abstract deduction L-system such that D = L..

In this paper we are not interested in the semantics part of the L-logics and therefore we concentrate
our attention on the effective deduction systems. If we interpret the relation b<s as b is a
manageable piece of information of s, then, the continuity and the computability hypotheses means
that the theory generated by s is obtained in an effective way from manageable pieces of information
in 5. This means that, if we call axiomatizable a theory 7 generated by a semi-decidable L-subset of
hypotheses, then the following holds true.

Theorem 8.4. Let (L, D) be a deduction L-system. Then any axiomatizable theory is semi-decidable.

Such a theorem looks be a reason in favour of a domain-based theory of computability for fuzzy
logic. Note that, in accordance with Gerla 2001, given a multi-valued logic we can define the L-subset
taut : F —L of tautologies (the a-priori constraints on the truth values of the formulas, in a sense).
Then, in the case such a logic is axiomatizable, tau is semi-decidable. Nevertheless, this does not
entails that the set {a@eF : tau(a) = 1} of “tautologies” is semi-decidable. Indeed, as a matter of fact,
the following proposition holds true which is an immediate consequence of basic and well known
results in literature (see Scarpellini 1962, Hajek 1998, Montagna 2001).

Theorem 8.5 A subset of S is a closed cut of a recursively enumerable fuzzy subset iff it belongs to
the Ih-level of the arithmetical hierarchy.

The following proposition emphasizes the logical interpretation of the deduction L-systems.
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Proposition 8.6. An abstract deduction L-system (L”,D) is effective if and only if there is a recursive
(recursively enumerable) relation b F." & where beF. in(BF), 7eN, aeF and AeB, such that
brla,br” a = thereis 7" such that b " & (8.2)
and
D(s)(@) = Sup{AeB : there is b<s and there is 7€ N such that b " a}. (8.3)

We interpret an element 7 €N as the code number of a proof in a deduction apparatus and the
recursive relation b +," o as “z is a proof from b that « satisfies the constraint 1 . This justifies
condition (8.2). The recursiveness of the relation b’ F.* & expresses the fact that we are able to decide
if something is a proof of a formula « from a finite piece of hypotheses and also to calculate the
information A given by such a proof.

9. Hilbert deduction systems.
The following is a less abstract definition of deduction apparatus for a fuzzy logic (see for example
Gerla 2000).

Definition 9.1. Let L be a complete lattice. Then an Hilbert L-system is a pair S = (a, INF) where a :
F—L is an L-subset of F, the L-subset of logical axioms, and INF is a set of L-inference rules. In turn,
an L-inference rule is a pair » = (v',r"), where
- r' is a partial n-ary operation on ¥ whose domain we denote by Dom(r),
- r" is an n-ary operation on L which is continuous in each variable, i.e.

P"(X1yeres Xy voey X)) = SUp {r"(x1, oo X’y o0y Xp) 1 X" <} 9.1)

In other words, an inference rule r consists

- of a syntactical component r' that operates on formulas (i.e. an inference rule in the usual sense),

- of a valuation component r" that operates on constraints on the truth-values to calculate how we
can obtain information about the conclusion from the available information on the premises (see [12],
[27] and [18]).

A proof mof ais a sequence a,...,a, of formulas such that ¢, = o together with a sequence of related
"justifications”’. This means that, given any formula ¢;, we must specify whether

(i) ¢;is assumed as a logical axiom; or

(i) ¢« is assumed as an hypothesis; or

(iil) ¢ is obtained by a rule (we have to indicate also the rule and the formulas used to obtain ;).
Differently from the crisp case, the justifications are necessary since different justifications of the
same formula give rise to different pieces of information. Let s an L-subset of formulas. Then the
constraint Val(z,s) furnished by 7 on the truth value of & (given s) is defined by induction by setting

a(ay,) if a,, is assumed as a logical axiom,
Val(r,s) =5 s(ctn) if a, is assumed as an hypothesis,
}"”( Val(ﬂ's(l),S), ceey Val(ﬂ's(,,),S)) if oYy = I"'(Ols(l), ceey O(S(,,))

where 7; denotes the proof «,...,;. Now, it should be possible to find another proof 7’ of « such that
Val(7',v) > Val(m,v). This happens, for instance, if the assumptions used in 7’ are more informative
than the assumptions used in 7. In other words, unlike the usual Hilbert systems, different proofs of a
same formula « can give different pieces of information on . This suggests that, given an L-subset s
of hypotheses (the available information), in order to evaluate & we must refer to the whole set of
proofs of a.

Definition 9.2. Given an Hilbert L-system S, we call deduction operator associated with S the
operator D : L"—L" defined by setting,

D(s)(@) = Sup{Val(r,s) : = is a proof of a}, (9.2)
for every L-subset s of formulas and every formula a.

The intended meaning is that D(s)(«) is the best “constraint” on the actual truth value of « we can
draw from s.
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Proposition 9.3. The deduction operator D of an Hilbert L-system is a continuous closure operator.
Therefore any Hilbert L-system is associated with an abstract deduction L-system (L",D).

It is interesting to observe that 7 is a theory of (L",D) if and only if 7 contains the L-subset of logical
axioms and it is closed with respect to any inference rule 7, i.e.
r'(a,....a)) 2 r'(d(ey),...., (&)
for any (a,...,a,) € Dom(r). Since we are interested only on the operator D, it is not restrictive to
assume that in an Hilbert system there is a fusion rule, i.e. a rule r = (r’,r”’) such that
D, ={(a,): acF} ; r(a,a)=a ; r’(4,)=Aivi.

This rule enables us to fuse two proofs 7; and m of a formula « into a new proof 7 obtained by
concatenating 7; with 7 in such a way that Val(z,s)=Val(m,s)vVal(m,s). This entails that the set
{Val(z,b) : 7 is a proof of a} is directed. Also, observe that if soa, then we can confine ourselves
only to the proofs in which there is no formula assumed as a logical axiom.

In this paper we will consider a notion of Hilbert L-system taking in account of the effectiveness
of the inferential processes.

Definition 9.4. An Hilbert L-system S = (a, INF) such that INF is finite is effective provided that:

(a) any inference rule » = (+',r") is computable, i.e. Dom(r) is decidable, ' is recursive in D and r" is
computable in each variable

(b) the L-subset a of logical axioms is semi-decidable.

Proposition 9.5. The deduction operator D of an effective Hilbert L-system S is a computable closure
operator. Therefore any effective Hilbert L-system is associated with an effective abstract deduction
L-system (L",D).

In Biacino and Gerla 2002 one proves the converse of Proposition 9.3 and Proposition 9.5 in the case
L = U. Therefore the abstract approach to fuzzy deduction is equivalent with the approach based on
the Hilbert systems.

Proposition 9.6. Assume that L = U. Then any abstract (effective) deduction L-system is the
deduction system of a suitable (effective) Hilbert L-system.

10. Deduction systems by interval-constraints
In Section 9 the lattice L is a class of constraints on the truth values of the formulas. A simple
example is the following one. Let V" be an effective lattice whose elements we interpret as truth values
of a multi-valued logic. Then we set L equal to the class of closed interval in V i.e.,
I(V)={[a,b] : a,beV, asb}U{D}.

In such a way we are able to consider a signed formula as («,[0.3,0.5]) to represent the information
“the truth value of « lies between 0.3 and 0.5”. Different choices are possible, obviously. As an
example, should be interesting also to consider constraints, as

- the probability that the truth value of e is 0.7 is 0.8

- it is possible at degree 0.8 that the truth value of «is 0.7.
Obviously, in (/(V),<) we have that,

[a,b]<][c,d] < [a,b]2]c,d] < a<c and b<d < a<c and b<,d.
([x:yi])ier upward directed <> (x;,);c; upward directed and (y;);c; downward directed.

([x;,y:])ier downward directed <> (x;,);c; downward directed and (3,);; upward directed.
The maximum is & and the minimum is [0,1] while the maximal elements are the intervals [x,x] =
{x}. In particular, if V' is a finite chain,

[a,b]<[c,d] < a<c and b>d < [c,d]c [a,b] < [a,b]<[c.d],
If V= U, we have to distinguish several cases. Indeed, we have that [0,1]<][0,1],
[0,h]«[0,d] < d<b < [0,b)2[0,d]
[a,1]«][c,1] & a<c < (a,l]D0]c1]
and, in the remaining cases,
[a,0] < [c,d] & a<c and b>d < (a,b) 2 [c,d].
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Proposition 10.1. Assume that (V,<,B,B) is an effective reversible lattice and set
I(B,B) = {[x.y] : xeB, yeB}.
Then ({(V),<, I(B,B)) is an effective lattice such that, for any pair of nonempty intervals [a,b] and

[e.d],
[a,h] < [c,d] < a<c and d<“b. (10.1)

Proposition 10.2. Let (V,<,B,B) be an effective reversible lattice and (/(V),<,/(B,B)) be the associated
effective lattice. Then the following are equivalent:
i) the interval [a,b] is semi-decidable
ii) a is semi-decidable and b co-semi-decidable.
iii) anested, effectively computable sequence ([bpg), brwy])nen Of intervals exists such that
[a,b] = Nyen [bh(n), bk(n)]
iv) an effectively computable sequence ([by), bin)])nen Of intervals exists such that
[a,b] = Ovwen [Brnys Briny]
v) two total recursive functions 4 : N —N and k : N —N exist such that (gsu)).en 1S order preserving,
(@kmy)nen 1s order reversing and
a =Supyenbiey 5 b =Infy cnbin)-
vi) two total recursive functions # : N =N and k: N =N exist such that
a =Supuenbiy 5 b =Info enbi.

In particular, we have that a degenerate interval {x} is semi-decidable in (/(}),<,/(B,B)) if and only if
it is decidable in (L,<,B,B). If V=U, then [a,b] is semi-decidable if and only if @ it limit of a increasing
computable sequence of rational number and b is limit of a decreasing computable sequence of
rational numbers.

Now, we are able to propose the main definitions in this paper where we identify any element A4
of V with the one-element interval [A].

Definition 10.3. Let ' be an effective reversible lattice whose elements are interpreted as truth values
for a multi-valued logic. Then we call effective abstract interval-based V-logic any effective abstract
logic (I(V)",D,M) where McV".

Observe that in a very large class of L-logics we can consider the complete lattice 7' (V) = {[4,1] :
A€V} instead of I(V). A basic advantage of I'(V) is that it is isomorphic with V' via the map f: V—
I'(V) defined by setting A1) = [4,1]. In accordance, in the sequel we denote by A the interval [4,1] and
we refer to V instead of I'(V). We emphasize that, in spite of the isomorphism, the intended
interpretations of these lattices are different.

Definition 10.4. Let (V,<,B, -) be an effective lattice with an involution and assume that a suitable

computable map — : F—F is defined. Then we say that a semantics M is balanced provided that
m(—a) = -m(Q)

for any meM and aeF.

The following proposition shows that in the case of balanced semantics the lattice /'(¥) has the same
expressive power than /(V).

Proposition 10.5. Let M be a balanced semantics, then, for any /(V)-subset s of formulas there is a
logically equivalent I"(¥)-subset of formulas s .

Definition 10.6. We call effective abstract lower-constraints V-logic, in brief lower-constraints V-
logic, any effective abstract logic (I"(¥)",D,M) whose semantics is balanced.

In such a logic we say that « is decidable in a theory t provided that 7(—a) = - ).
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Proposition 10.7. In a lower-constraints V-logic the following are equivalent
i) risamodel

ii) tis a complete theory

iii) any formula is decidable in 7.

The choice of considering I"(¥) is the one usually adopted by fuzzy logic and it is shared by classical
logic. In fact, in classical logic in representing the available information by a set T of formulas (the
set of proper axioms), it is intended that the formulas in 7 are true and that no information we have
about the remaining formulas. If we will claim that a formula « is false, then we put in T its negation
—a. So, in terms of constraints on the truth values of the formulas, we admit only signed formulas as
(a,[1,1]) = (a,{1}), claiming that the truth value of azis 1, and (,[0,1]) = (,{0,1}), claiming that we
have no information about the truth value of «. This means that we identify 7" with the map s : F—
{{1},{0,1}} defined by setting v(a) = {1} if eeT and v(@) = {0,1} otherwise.

11. Decidable theories, complete theories: some difficulties.

A basic property in classical logic is that any axiomatizable and complete theory is decidable. Now,
there is a natural definition of completeness for an abstract logic. Indeed, we can call complete any
theory 7 which is maximal in the class of theories. This means that we cannot extend 7 in a consistent
way by adding new information. As an example, in the case of /(V) this is attained by assuming that,
for any formula «, 7( @) is a one element interval, i.e., a truth value of «. Instead it is rather difficult to
give the notion of decidable theory. For example, in /(¥)" this is not possible since we cannot define
in (V)" a structure of reversible lattice, in general.

Proposition 11.1. The lattice (/(V),<) is reversible if and only if V' is a finite chain. It is possible to
define in (/(V),<) an involution if and only if V"= {0,1}.

A way to face this difficulty is to confine ourselves to logics with a negation. In fact in such a case we
refer to the lattice /' (V) and, due to the isomorphism with V, such a lattice is an effective lattice with
an involution.

Theorem 11.2. Let 7 be an axiomatizable and complete theory in a logic with a negation based on
I'(V). Then ris decidable.

This solution is not completely satisfactory. In fact, there are several interesting multi-valued logic
which are not “with a negation” in the sense proposed in this paper. Moreover, also in the case of
logic with a negation (in particular in classical logic) in considering I (V) we confine ourselves to
manage only “positive” information. Instead, in my opinion, should be interesting to examine the
possibility of a symmetric approach to deduction in which both positive and negative information is
managed.

A further tentative to give an answer to this question is suggested by bilattice theory. Indeed,
consider the product of a lattice (V,<) with its dual (V,<,), i.e. the complete lattice B(V) = (V'xV, <))
where

(xx) < () < x<yand x>y".
In this lattice the minimum and the maximum are (0,1) and (1,0), respectively. The intended
interpretation is that we assign to a statement « the value (x,y) € B(V) provided that x is (a measure of)
the degree of belief in @ and y is (a measure of) the degree of disbelief in «. In particular, the pair
(0,0) indicates we have no evidence both for and against « (no information), (1,0) that « is true, (0,1)
that « is false, (1,1) that we are in the inconsistent situation of having full evidence both for and
against . The related lattice operations are defined by setting, for any x, x, y, y', z, z' €V,

XINEY) = (enx'yvy’),  exIV(r.y) = (xvax'yay).

There is some formal connection between the lattices (VxV, <;) and (I(V),<). Indeed, consider the map
h : (V)= V=V defined by setting 4() = (1,0) and A([a,b]) = (a,b) if a<bh. Then 4 is an embedding of
({(V),S) into (VxV, <)). Nevertheless, the meaning of the elements in (/(V),<) is totally different from
the meaning of the corresponding elements in (VxV, <,). As an example, while in (/(V),<) the interval
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[0,1] represents the absence of information, in B(V) the pair (0,1) represents the false truth value. The
interest of B(V) is that we can define an involution ~ in a natural way by switching the roles of belief
and disbelief, i.e. by setting ~(x,x") = (x',x).

Proposition 11.3. Assume that (V,<,B,B) is a reversible effective lattice and set B*= BxB. Then (V'xV,
<,B”) is an effective lattice admitting ~ as an involution. Also

(x,y) semi-decidable in (V'xV,<,I(B)) < x semi-decidable and y is co-semi-decidable in (V,<,B),

(x,y) decidable in (VxV, <,I(B)) < x and y are both decidable in (V,<,B).

Such a proposition show that we can define fuzzy logics based on (VxV, <,,B”) and, in accordance, to
define a notion of decidable theory. Future works include an examination of such a possibility.

REFERENCES

Bedregal R. , Bedregal B. [2001], Intervals as a Domain Constructor, in Tendéncias em Matematica
Aplicada e Computacional (TEMA), E.X.L. de Andrade et al, editors, 2, 43-52.

Biacino L., Gerla G. [1989], Decidability, recursive enumerability and Kleene hierarchy for L-
subsets, Zeitschr. f. math. Logik und Grundlagen d. Math., 35, 49-62.

Biacino L., Gerla G. [2002], Fuzzy logic, continuity and effectiveness, Archive for Mathematical
Logic, 41, 643-667.

Clares B., Delgado M., [1987], Introduction to the concept of recursiveness for fuzzy functions, Fuzzy
Sets and Systems, 21, 301-310.

Edalat A., Siinderhauf P., [1999], A domain-theoretic approach to computability on the real line,
Theor. Comput. Sci., 210, 73-98.

Gerla G. [1987], Decidability, partial decidability and sharpness relation for L-subsets, Studia Logica,
46, 227-238.

Gerla G. [2001], Fuzzy logic: Mathematical Tools for Approximate Reasoning, Kluwer Academic
Press.

Goguen J.A. [1968/69], The logic of inexact concepts, Synthese, 19, 325-373.

Gottwald S. [2000], S. A Treatise on Many-Valued Logics, Research Studies Press, Baldock.

Hajek P. [1995], Fuzzy logic and arithmetical hierarchy, Fuzzy Sets and Systems, 3, 359-363.

Hajek P. [1998], Metamathematics of Fuzzy Logic, Kluwer Academic Publishers, Dordrecht.

Montagna F. [2001], Three complexity problems in quantified fuzzy logic. Studia

logica, 68, 143-152,

Montagna F., Ono H. [2002], Kripke semantics, undecidability and standard completeness for Esteva
and Godo's logic MTLV, Studia Logica 71, 227-245

Pavelka J. [1979], On fuzzy logic I: Many-valued rules of inference, Zeitschr. f- math. Logik und
Grundlagen d. Math., 25, 45-52.

Santos E. S. [1970], Fuzzy algorithms, Inform. and Control, 17, 326-339.

Scarpellini B. [1962], Die Nichaxiomatisierbarkeit des unendlichwertigen Pridikatenkalkiils von
Lukasiewicz, J. of Symbolic Logic, 27, 159-170.

Smyth M. [1977], Effectively Given Domains, Theoretical Computer Science, 5, 257-274.

Zadeh L.A. [1968], Fuzzy algorithms, Information and Control, 5, 94-102.



